Introduction
In [Pri04] , I developed the theory of Simplicial Deformation Complexes (SDCs), proposed as an alternative to differential graded Lie algebras (DGLAs). They can be constructed for a whole range of deformation problems and capture more information than just the deformation functor. On a more practical level, DGLAs can be extremely useful; they enable Goldman and Millson in [GM88] to show, with certain restrictions, that the hull of the functor describing deformations of a real representation of the fundamental group of a compact Kähler manifold is defined by homogeneous quadratic equations.
Even for the problem considered in [GM88] , where a perfectly satisfactory governing DGLA was constructed, SDCs can be helpful. Goldman and Millson proceed via a chain of groupoid equivalences from the deformation groupoid to the groupoid associated to the DGLA. However, it is possible to write down an SDC immediately, passing via a natural chain of quasi-isomorphisms to the DGLA in [GM88] . This substantially shortens the reasoning, since it is no longer necessary to find topological interpretations of each intermediate object and functor, and quasi-isomorphisms are quicker to establish than groupoid equivalences.
[GM88] was motivated by [DGMS75] , which shows that the homotopy type of a compact Kähler manifold is a formal consequence of its cohomology, the idea being to replace statements about DGAs with those about DGLAs. In [Mor78] , Morgan proved an analogue of the results in [DGMS75] for smooth complex varieties. This indicates that the fundamental group of such a variety should have similar properties to those established in [GM88] for compact Kähler manifolds.
In Section 1, I use the theory of SDCs to give a shorter proof of Goldman and Millson's result. I also prove that the hull of the deformation functor of representations of the (topological) fundamental group of a smooth (non-proper) complex variety has a mixed Hodge structure. Using the weight restrictions established in Hodge II ( [Del71] ), it follows that the hull is defined by equations of degree at most four. Neither of these results employs the theory of SDCs in an essential way. However, simplicial methods are vital for the final result of the section -that there is a mixed Hodge structure on the hull, even when the variety is not smooth. This has few consequences, since the weight restrictions of Hodge III ( [Del74] ) give no bound on the degree of the defining equations.
The results in [DGMS75] were inspired by the yoga of weights, motivated by the Weil Conjectures. With this in mind, it is reasonable to expect the characteristic zero results to have finite characteristic analogues. Section 2 is concerned with proving results on the structure of the hull of the functor of deformations of a continuous l-adic representation of the algebraic fundamental group of a smooth variety in finite characteristic. This is done by studying the behaviour of the Frobenius action on the hull. As the obstruction maps are Frobenius equivariant, the SDC allows us to describe the hull in terms of cohomology groups. The weight restrictions in Weil II ( [Del80] ) then imply that the hull is quadratic for smooth proper varieties, and defined by equations of degree at most four for smooth, non-proper varieties.
Although the two sections of this paper prove similar results by using the same underlying philosphy, namely that weights determine the structure of the hull, they are logically independent.
Representations of the Topological Fundamental Group
Fix a connected topological space X (sufficiently nice to have a universal covering space) and a point x ∈ X. Denote π 1 (X, x) by Γ. Throughout, A will denote a ring in C R . Let G be a real algebraic Lie group, and fix a representation ρ 0 : Γ → G(R).
where FX is the sheaf on X whose espaceétalé isX, andX π − → X is the universal covering space of X.
Lemma 1.2. The map
is an equivalence of categories, where R A (ρ 0 ) has as objects representations
while B A (B 0 ) has as objects principal G(A)-sheaves
In both cases morphisms must be the identity mod m A .
Proof. This is essentially the same as the opening pages of [Del70] . It suffices to construct a quasi-inverse. Given a principal G(A)-sheaf B on X, π −1 B will be a principal G(A)-sheaf onX, so will be a constant sheaf, sinceX is simply connected. Fix a point y ∈X above x. We have, for each γ ∈ Γ, isomorphisms
of principal G(A)-spaces, the second isomorphism arising from the constancy of the sheaf. The composite isomorphism can be taken to be right multiplication by ρ(γ), thus defining a representation ρ.
Thus, as in [Pri04] Section 4.2, this deformation problem is governed by the SDC
The cohomology groups are isomorphic to
where adB 0 is the tangent space of Aut(B 0 ) at the identity. Equivalently,
for g the tangent space of G(R) at the identity, and G(R) acting via the adjoint action, so the cohomology groups are H * (X, (π * g) Γ,ρ 0 ).
Recall from [Pri04] Section 5 that there is a functor E from DGLAs to SDCs. In particular, if L = g, a Lie algebra concentrated in degree 0, then
where G is the corresponding Lie group, with all σ, ∂ the identity, and * given by the Alexander-Whitney cup product
Provided that H 1 (X, adB 0 ) is finite dimensional, the deformation functor will have a hull.
Observe the quasi-isomorphism of SDCs
where the SDC structure of the term on the left is given by the Alexander-Whitney cup product. Now, write
for sheaves F on X, and
. Now assume that X is a differentiable manifold, and let A n be the sheaf of realvalued C ∞ n-forms on X.
We have the following quasi-isomorphisms of SDCs:
since on cohomology we have:
the first quasi-isomorphism arising because R → A • is a resolution, and the second from the flabbiness of A • .
Hence R A (ρ 0 ) is governed by the DGLA Γ(X, adB 0 ⊗ A • ).
Compact Kählerian manifolds
This section is a reworking of [GM88] . Let X be a compact complex Kählerian manifold. If ad(ρ 0 )(Γ) ⊂ K, for some compact subgroup K ≤ GL(g), then we can define Kinvariant Haar measure on g, and thus a global positive definite inner product on adB 0 , so it becomes an orthogonal local system. On A * , we have not only the operator d, but also
where J is the integrable almost-complex structure on X. Define
We now apply Hodge theory for orthogonal local systems, in the form of the dd c Lemma (identical to [DGMS75] 5.11):
Remark 1.4. It is worth noting that the dd c lemma holds on any manifold which can be blown up to a compact Kähler manifold, hence on any compact Moishezon manifold, so we may take X to be of this form. Of course, this gives no more information about fundamental groups, since blowing-up does not change the fundamental group.
We thus obtain quasi-isomorphisms of DGLAs:
To see that these are quasi-isomorphisms, we look at the cohomology groups:
. The last two quasi-isomorphisms are a consequence of the dd c Lemma. However, the DGLA (H * (adB 0 ), d = 0) is formal, in the sense of [Man99] , so the hull of the deformation functor is given by homogeneous quadratic equations. Note that a hull S must exist, since dim H 1 (adB 0 ) < ∞. Explicitly,
is dual to the cup product. Note further that we have a Hodge decomposition on S ⊗ C, where S is the hull.
is pure of weight −n, so must have even dimension for n odd.
Smooth complex varieties
In this case we have to use the mixed Hodge theory of [Del71] , rather than pure Hodge theory. Let X be a smooth complex variety. Using [Nag62] and [Hir64] , we may write X =X − D, forX a complete smooth variety, and D a divisor with normal crossings. Again, the governing DGLA is
If ad(ρ 0 )(Γ) ⊂ K, for some compact subgroup K ≤ GL(g), then we can define Kinvariant Haar measure on g, and thus a global positive definite inner product on adB 0 , so that it becomes an orthogonal local system.
Where [GM88] mimicked [DGMS75] , we must now mimic [Mor78] , and will adopt the notation of that paper.
Observe that [Mor78] §2 works for twisted coefficients (in our case adB 0 ), since adB 0 is trivial on each simplex, giving us a quasi-isomorphism of DGLAs
There is then a quasi-isomorphism
where ( adB 0 , ∇) is the holomorphic Deligne extension of adB 0 , as defined in [Del70] .
The mixed Hodge theory of [Tim87] now proves that the latter quasi-isomorphism is a mixed Hodge diagram, in the sense of [Mor78] 3.5 (except that we work with DGLAs rather than DGAs). In Proof. Choose a decomposition
respecting the filtrations (F, W ) on M (this is straightforward, since F,F , W give a bigraded decomposition of M ⊗ C).
The hull of Def M is then given by the Kuranishi functor as defined in [Man99] §4, which will now be pro-represented by
respects the filtrations. By [Tim87] §6, H 1 (X, adB 0 ) is of weights 1 and 2, while H 2 (X, adB 0 ) is of weights 2, 3 and 4. Thus f corresponds to functions:
hence equations of degree at most 4. Moreover, f respects the Hodge structure, so we have a mixed Hodge structure on S. Note that the quotient map
is dual to half the cup product
Remark 1.6. It ought to be possible to prove this result without recourse to minimal models and the methods of [Mor78] . The following approach should work:
1. Define a category Hdg(C R ) of real Artinian algebras, with mixed Hodge structures on their maximal ideals. Show that Schlessinger's theorems carry over into this context (in particular, tangent and obstruction spaces will have mixed Hodge structures).
2. Given a filtration F on a complex DGLA L, and an algebra A ∈ Hdg(C R ), define
We have similar definitions for a filtrationF on a complex DGLA, and for a filtration W on a real DGLA.
3. Consider the DGLA
defined as above. This has filtrations W and F . We have quasi-isomorphisms (of W -filtered DGLAs)
Writing L = Γ(X, adB 0 ⊗ A • ), we can use these quasi-isomorphisms to identify the functors Def N , DefN and Def L⊗C . Now, consider the functor on Hdg(C R ) given by
the intersection being as subsets of Def L (A ⊗ C). This functor should have a hull S, with tangent space H 1 (X, adB 0 ) and obstruction space H 2 (X, adB 0 ) (with the usual Hodge structures). It would remain only to show that S (without its Hodge structures) is a hull for Def L over C R .
Arbitrary complex varieties
In this section, the methods of [Del74] will be used. Let X be a complex variety. As in [Del74] 8.1.12, we take a simplicial resolution Y • → X of X by smooth varieties, and compactify to obtain a smooth proper simplicial variety Y • , and a divisor
Cohomological descent implies that we have a quasi-isomorphism of SDCs:
We now proceed as in the previous section, obtaining quasi-isomorphisms
with ∇ as in [Tim87] . We have a weight filtration W on the former, and a compatible pair (W, F ) of filtrations on the latter. In [Del74] §7, Deligne defines filtrations F, δ(W, L) on the total complex of a bigraded cochain complex. Since we are working simplicially, we must, via the Eilenberg-Zilber Theorem, define the corresponding filtration on the diagonal complex of a bi-cosimplicial complex.
As in [Pri04] Section 5.4.1, we form the cosimplicial Lie algebras
Now, we have
and similarly for the other complex, on which we wish to define filtrations. Given a cosimplicial complex K of vector spaces, the Eilenberg-Zilber map
the latter being defined as in [Del74] §7. Similarly, we obtain filtrations δ(W, L) and
). Now, given a cosimplicial complex K * , and a filtration Fil on N (K), define
The reasoning behind these constructions is that they preserve the filtrations induced on cohomology. We have therefore defined filtrations δ(W, L), F (as applicable) on
Exponentiation induces corresponding filtrations on
and hence (by functoriality) on
Explicitly, we obtain these filtrations by considering the cofiltrations induced on the rings pro-representing these SDCs and DGLAs (Q * and T • in the notation of [Pri04] Section 5). The only technicality to check is that the resulting filtrations on the Lie algebra do indeed respect the Lie bracket (i.e. [F i , F j ] ⊂ F i+j ). This is done by observing that we can recover the Lie bracket from the product (using a formula in some sense inverse to the Campbell-Baker-Hausdorff formula), giving a comultiplicativity condition on the cofiltrations satisfied by ρ = * ♯ , and preserved by the functor E.
It then follows from [Del74] that this is a mixed Hodge diagram in the sense of [Mor78], so we proceed as before. 
preserves the mixed Hodge structures. In fact, the quotient map
Proof. As shown above, Def ρ 0 is governed by the SDC E(E
The proof is now identical to Theorem 1.5. Note that since weight 0 is permitted in both H 1 (X, adB) and H 2 (X, adB), we can draw no conclusions concerning the defining equations. Remark 1.8. As in [Mor78] , we may replace R by any subfield k, taking G/k algebraic. In fact, using Hodge theory for unitary local systems (as in [Tim87] ), we may replace R by C. As before, we obtain a bigraded decomposition on the complex cohomology, the only difference being that we must define the filtrations F,F separately, as complex conjugation no longer makes sense. In the general case, a sufficient hypothesis for adB 0 to be a unitary local system becomes that
Indeed, we may take any subfield k ⊂ C instead of C, giving a bigraded decomposition on complex cohomology, for which the correponding weight decomposition will descend to k. Remark 1.9. A much cleaner proof would be possible if the approach suggested in Remark 1.6 were developed, since the filtrations on the SDCs
where
allow us to define filtered deformation functors, with the same definitions as for DGLAs. This method would avoid having to make use of the noisome functor L.
Representations of the Algebraic Fundamental Group
Let k = F q , fix a connected variety X k /k, and let X = X k ⊗ kk . Throughout, we will assume that l is a prime not dividing q. Fix a closed point x of X, and denote the associated geometric point x → X byx. The Weil group W (X k ,x) is defined by:
with both rows exact. Each closed point y ∈ |X 0 | gives rise to a Frobenius element φ y ∈ W (X, x), defined up to conjugation, and a representation of W (X k ,x) is said to be pure of weight n if the eigenvalues of all the Frobenius elements are algebraic, with all their complex conjugates of norm q n/2 . π 1 (X,x) and W (X k ,x) are both topological groups, the former with the profinite topology, and the latter as a subgroup of π 1 (X k ,x), which has the profinite topology.
Representations to GL n (Q l )
Fix a continuous representation
We define the functor Def ρ 0 : C Q l → Set by setting Def ρ 0 (A) to be the set of isomorphism classes of continuous representations ρ : π 1 (X,x) → GL n (A) deforming ρ 0 . We will first need to generalise the notion of constructible Q l -sheaf, as in [Del80] 1.1.1. Definition 2.1. For A ∈ C Q l , the category of constructible locally free A-sheaves will have as objects locally free A-sheaves F which are constructible as Q l -sheaves in the sense of [Del80] 1.1.1.
It is well known that there is an equivalence of categories between continuous Q lrepresentations of the fundamental group, and constructible locally free Q l -sheaves. Let V 0 be the sheaf corresponding to ρ 0 , with W 0 the underlying Z l -sheaf. Lemma 2.2. For A ∈ C Q l , there is a functorial equivalence of groupoids between R(A), the groupoid of continuous representations ρ : π 1 (X,x) → GL n (A) deforming ρ 0 , and V(A), the groupoid of rank n constructible locally free A-sheaves deforming V 0 .
Proof. The representation ρ : π 1 (X,x) → GL n (A) is continuous, so has compact image. Since A is a finite dimensional vector space over Q l , [Ser92] LG 4 Appendix 1 provides the existence of a Z l -lattice W generating A n such that ρ factorises through GL(W ). As in [Pri04] Section 4.1, this gives a constructible Z l -sheaf W on X. The A-module structure of W ⊗ Z l Q l now provides V := W ⊗ Z l Q l with the structure of a constructible A-sheaf.
To construct a quasi-inverse, start with a constructible A-sheaf V = W ⊗ Z l Q l . Let W := Wx and V = W ⊗ Z l Q l . Then, as in [Pri04] Section 4.1, we obtain a representation
We now choose an isomorphism V ∼ = A n compatible with the canonical isomorphism
Definition 2.3. For a constructible locally free Z l -sheaf F , define
For a constructible locally free Q l -sheaf F ⊗ Q l of finite rank, define
Note that this construction is independent of the choice of F , since F is of finite rank.
Theorem 2.4. Deformations of ρ 0 are described by the SDC
with product given by the Alexander-Whitney cup product.
Proof. Given ω ∈ MC G (A), define
where, for any sheaf F on X, α F is the canonical map α F :
Since m A is a finite dimensional Q l vector space, with nilpotent product, we may find a multiplicatively closed lattice I ⊂ m A with ω ∈ exp(C n (X, End (W 0 )) ⊗ Z l I).
As in [Pri04] Section 1.2.3, this gives a constructible (Z l ⊕ I)-sheaf W ω , and
Remark 2.5. Equivalently, we may note that L n := C n (X, End (V 0 )) has the structure of a DGAA (cup product being associative), with differential
Definition 2.7. Given a pro-l group K, define a constructible principal K-sheaf to be a principal K-sheaf D, such that
Given an l-adic Lie group G, a constructible principal G-sheaf is a G-sheaf B for which there exists a constructible principal K-sheaf D, for some K ≤ G compact, with B = G × K D (observe that compact and totally disconnected is equivalent to pro-finite). Proof. Similar to Lemma 2.2.
Since adρ 0 (π 1 (X,x)) ≤ GL(g) is compact, the corresponding sheaf adB 0 is a constructible Q l -sheaf of Lie algebras. Hence the sheaves C n (adB 0 ) are sheaves of Lie algebras.
Theorem 2.9. Deformations of ρ 0 are described by the SDC
Proof. As in Theorem 2.4 and [Pri04] Section 4.2.
Lemma 2.10. If we write B = G × K D, for some compact K ≤ G, and H i (X, adD 0 ) and H i−1 (X, adD 0 ) are finitely generated, then
Proof. As for Lemma 2.6.
Structure of the hull
Given a mixed Weil sheaf F over Q l on X, for X either smooth or proper, [Del80] shows that all the eigenvalues of Frobenius acting on the cohomology group H i (X, F ) are algebraic numbers α, and for each α, there exists a weight n, such that all complex conjugates of α have norm q n/2 . This provides us with a weight decomposition
where Aut here denotes Lie algebra automorphisms, extends to a continuous mixed representation
Then the deformation functor
has a hull of the form:
preserves the Frobenius decompositions. In fact, the quotient map
Proof. As in [Del80] , the representation of the Weil group correponds to an isomorphism Φ : F * adB 0 → adB 0 , where F is the Frobenius endomorphism of X over F q . Since adρ 0 is a representation to Lie algebra automorphisms, Φ is an isomorphism of constructible sheaves of Lie algebras. Hence we have the following morphisms of SDCs:
We therefore have a Frobenius endomorphism on our SDC. We could now proceed as in [Del80] §5, by forming the associated DGLA (as in [Pri04] Section 5.3), which will, by functoriality, also have a Frobenius endomorphism. We would then form the minimal model, as in Section 1.2, and construct a weight decomposition and quasi-isomorphism to a formal DGLA, as in [Del80] Corollary 5.3.7.
Instead, we will take a more direct approach, involving neither DGLAs nor minimal models. By abuse of notation, write F * for the Frobenius endomorphism on E • given by the composition above. Since F * respects the structures, this gives us an endomorphism F * : Def E → Def E . Let R be the hull of Def E . We have:
for some (non-unique) lift F * . Now letF be the dual morphismF : R → R of complete local Q l -algebras. We have canonical isomorphisms 
Observe that both of these obstruction theories are Frobenius equivariant: given a functor H on which F (Frobenius) acts, we say an obstruction theory (W, w e ) is Frobenius equivariant if there is a Frobenius action on the space W such that for every small extension e : 0 → I → B → A → 0, and every h ∈ H(A), we have w e (F h) = F w e (h). Since h R → Def E commutes with Frobenius, the corresponding map of obstruction spaces does (by uniqueness).
As before, we may use the Jordan decomposition on the successive quotients to obtain a space of generators W ⊂ J, such that W → J/V J is an isomorphism preserving the Frobenius decompositions.
Hence we have maps Proof. This follows since, under these hypotheses, [Del80] Corollaries 3.3.4-3.3.6 imply that H 1 (X, adB 0 ) is pure of weight 1, and H 2 (X, adB 0 ) is pure of weight 2. This gives us an endomorphism F * : Def E → Def E . The representationρ 0 gives a Frobenius-invariant point ω 0 ∈ Def E (Z l ). Let R be the hull of Def E ; ω 0 gives an augmentation R → Z l . As in Theorem 2.11, we obtain a mapF : R → R of complete local augmented Z l -algebras. Let I R be the augmentation ideal of R. We have canonical isomorphisms
where ker denotes the inverse image of ω 0 , compatible with Frobenius. Since I R /I n R is a finite rank Z l -module for all n, we may use the Jordan decomposition (overQ l ) successively to lift the cotangent space I R /I 2 R to I R /I n R , obtaining a space of generators V ⊂ I R , with the map V → I R /I 2 R an isomorphism preserving the Frobenius decompositions.
